We employ synthetic observations obtained with MHD simulations to study how to trace the distribution of turbulent magnetic fields using the synchrotron polarization gradient techniques suggested by . Both synchrotron polarization gradients and its derivative gradients with regard to the squared wavelength λ 2 are used to explore the probing ability of the technique in magnetic fields from sub-to super-Alfvénic turbulence. We focus on studies that involve multi-frequency measurements in the presence of strong Faraday rotation and show the ways of how to recover the projected mean magnetic fields in the plane of the sky and the local magnetic fields within a tomographic slice. We conclude that the new techniques can successfully reconstruct the 3D magnetic field within our Milky Way and other galaxies. This paper opens an avenue for applying our new techniques to a large number of data cubes such as those from the Low Frequency Array for Radio astronomy and the Square Kilometer Array.
INTRODUCTION
As is well known, magnetohydrodynamic (MHD) turbulence occurs naturally in most of astrophysical flows due to a large spatial scale resulting in a very high Reynolds number (e.g., Cho, Lazarian & Vishniac 2003; Lazarian et al. 2015) . The presence of magnetic turbulence has been influencing and even changing many key astrophysical processes, such as star formation (Elmegreen & Scalo 2004; McKee & Ostriker 2007; , heat transfer (Narayan & Medvedev 2001; , propagation and acceleration of cosmic rays (Schlickeiser 2002; Yan & Lazarian 2002) , as well as turbulent magnetic reconnection (Lazarian & Vishniac 1999; Kowal et al. 2009; Lazarian et al. 2015 for a review). Therefore, studying MHD turbulence theory and its implications to astrophysics is an interesting and practical applicable topic.
Synchrotron radiation fluctuation carrying the statistical information of MHD turbulence would be emitted with the movement of relativistic electrons in a turbulent magnetic field. The linearly polarized synchrotron emission can be characterized in terms of the synchrotron intensity (Stokes parameter I) and polarization intensity (P = Q 2 + U 2 by Stokes parameters Q and U). The synchrotron polarization together with Faraday rotation can be used to explore the properties of magnetic field, which is termed the traditional Faraday rotation synthesis (e.g., Burn 1966; Brentjens & de Bruyn 2005; Frick et al. 2011; Beck et al. 2012 ). This technique recently applying to polarized observational data provides a significant insight into magnetic field structures of galaxies (e.g., Fletcher et al. 2011; Beck & Wielebinski 2013; Haverkorn 2015 for a review) and the properties of the interstellar medium (ISM, e.g., Jelić et al. 2015; Van Eck et al. 2017; Dickey et al. 2018) .
Different from the traditional Faraday rotation technique, the statistics of the synchrotron intensity (Lazarian & Pogosyan 2012, hereafter LP12) and polarized intensity (Lazarian & Pogosyan 2016, hereafter LP16) are formulated in the real and wavelength spaces providing a quantitative analytical description of synchrotron fluctuation. The corresponding theoretical predictions regarding the synchrotron intensity are successfully tested in Herron et al. (2016) . Furthermore, it was demonstrated that numerical results are in good agreement with theoretical predictions of LP16 Zhang et al. 2016; Zhang, Lazarian & Xiang 2018) , in which the polarization frequency analysis (PFA) and polarization spatial analysis (PSA) techniques can be used to extract the properties of MHD turbulence, such as the spectral slope and correlation scale. The new statistical techniques suggested in LP16 have been applied to the ISM (Xu & Zhang 2016 ) and depolarization of blazars (Guo et al. 2017 ).
In addition, statistical techniques for the analysis of polarization gradients, i.e., the gradient of complex polarized vector has been applied to determine the sonic Mach number of the interstellar turbulence (Gaensler et al. 2011; Burkhart, Lazarian & Gaensler 2012; Iacobelli et al. 2014; Sun et al. 2014; Robitaille & Scaife 2015; Herron et al. 2017) . Recently, more sophisticated constructions of Stokes parameters were discussed in Herron et al. (2018a,b) as possible means of exploring magnetized ISM.
A significant breakthrough took place in the field recently in Lazarian et al. (2017) and Lazarian & Yuen (2018a, henceforth LY18) identifying the relation between the direction of the Synchrotron Intensity Gradients (SIGs), Synchrotron Polarization Gradients (SPGs) as well as Synchrotron Polarization Derivative Gradients (SPDGs) and the underlying magnetic field. In particular, it was shown that in turbulent magnetized media all these gradients are directed perpendicular to the magnetic field. As the direction of these gradients is not affected by the Faraday rotation, this opened a way to study magnetic field without accounting for the Faraday rotation. Therefore, uniquely, the gradient measurements of synchrotron intensity or synchrotron at a single frequency can establish the magnetic field direction in the emitting synchrotron region, irrespectively, of how strong the Faraday rotation is there. Moreover, by employing the effect of Faraday depolarization, LY18 discussed a way of obtaining 3D distribution of the magnetic field in the emitting volume.
The prospects of the SPGs and SPDGs for studying magnetic fields in the ISM motivate us to provide a detailed numerical study of the properties of the gradients for a variety of turbulence setups. In what follows we explore the statistics of gradients for a variety of sonic and Alfvén Mach numbers.
The content of this paper is outlined as follows. In the next section, we provide a brief method description including MHD turbulence theoretical fundamental and gradients of magnetic intensity, synchrotron polarization and its derivative gradients, as well as gradient measurement technique. The numerical results are presented in Section 3. Sections 4 and 5 are the discussion and summary, respectively.
METHOD DESCRIPTIONS

MHD turbulence and gradients of magnetic field strength
The modern MHD turbulence theory present a collection of anisotropic eddies (Goldreich & Sridhar 1995, hereafter GS95) , which are aligned with the direction of magnetic fields. For the gradient techniques that we discuss in the paper it is important that the eddies are aligned with the local magnetic field surrounding the eddies. The latter element is far from trivial as all the theories of turbulence before GS95, as well as GS95 theory itself, implicitly assume that the alignment is in terms of the mean magnetic field. At the same time, this local alignment follows directly from the theory of turbulent magnetic reconnection (Lazarian & Vishniac 1999, henceforth LV99) . Indeed, LV99 theory predicts that the reconnection in turbulent fluid takes place over just one eddy turnover time. As a result, magnetic field does not prevent to the motion of eddies that mix up magnetic field lines perpendicular to the direction of the magnetic field that passes through the eddy. In the situation of random driving the eddies that experience less resistance obtain more energy. Therefore, most of the energy of Alfvénic motion is concentrated in such eddies that are perpendicular to the local magnetic field. This alignment of the eddies in respect to the local magnetic field is confirmed by numerical simulations ( The consequence of the aforementioned alignment is that the gradients of magnetic field strength that, for the sake of simplicity, we shall call simply "B-gradients", are aligned perpendicular to the magnetic field direction. Therefore, in the synchrotron gradient techniques that we discuss in this paper we turn the magnetic field gradients 90 degrees to identify the magnetic field direction.
Naturally, magnetic field is only important for determining the direction of eddies only when the energy of magnetic field over the volume of the eddy is larger or comparable with the kinetic energy of the eddy. The measure that reflects this is the Alfvénic Mach number, M A = V L /V A , where V L is an injection velocity of turbulence driving at the scale L inj and V A = B/ 4πρ is an Alfvén velocity relevant to the magnetic field B and the plasma density ρ. We could describe different regimes of MHD turbulence by using this parameter. The GS95 theory considers incompressible turbulence with M A = 1 while its generalizations for M A < 1 and M A > 1 can be found in Lazarian & Vishniac (1999) and . The applicability of the model of realistic compressible turbulence were obtained in Lithwick & Goldreich (2001) and . The latter two papers demonstrated that while density is seriously modified by compressibility, the magnetic and velocity fluctuations of Alfvén and slow modes are only marginally different from the incompressible case.
1 In terms of gradient technique in this paper, this gives us confidence in applying the technique to the realistic compressible ISM.
The M A < 1 case, i.e. the case of turbulence driven with subAlfvénic velocities at injection scale L inj has a range of weak turbulence that spans from L inj to the transition scale l trans = L inj M 2 A . Over this range the perturbation of magnetic field are quasi-2D and they are perpendicular to magnetic field (LV99, Galtier et al. 2000) . Thus the gradients of magnetic field are also aligned perpendicular to the magnetic field. For scales less than l trans the strong subAlfvénic turbulence is present. The eddies of this turbulence are more elongated along the magnetic field compared to the original GS95 picture that corresponds to M A = 1. Indeed LV99 showed that over the inertial range of [l trans , l diss ], where, l diss is the turbulence dissipation scale. The relation between the scale of the eddy extend along the magnetic field l and its transversal extend l ⊥ is
when M A = 1 returns to the original GS95 relation. The turbulent velocity of eddies at scales less than l trans obeys the following relation:
which demonstrates Kolmogorov-type (v l ∝ l 1/3 ⊥ ) cascade perpendicular to local magnetic field. This is an important scaling that is being employed in the gradient technique. Indeed, the B-gradients scale as l
which shows that the B-gradients arising at the smallest scales, i.e. telescope resolution scales, dominate the signal.
The opposite case corresponding to super-Alfvénic turbulence V L > V A , i.e., M A > 1. For a limiting case of M A 1, since the magnetic field is weak and has a marginal influence on MHD turbulence, the turbulence at scales close to the injection scale has an essentially hydrodynamic Kolmogorov property, i.e.,
1/3 . The hydrodynamic characteristic of the turbulence cascade changes at the scale
where the turbulent velocity is equal to the Alfvén velocity, v l = V A . Naturally, for hydrodynamic-like turbulent motions at scales larger than l A , the directions of gradients of magnetic field are not correlated with magnetic field direction. Indeed, when hydrodynamic motions dominate, no alignment of eddies and magnetic field is expected. This situation changes at scales less than l A . At such scales the magnetic field becomes again important and one can expect to see the alignment of the B-gradients perpendicular to magnetic field. Therefore, if one filters out large scale motions, e.g. by using spatial filtering, it is potentially possible to trace magnetic field with the B-gradients. This possibility was demonstrated in Lazarian et al. (2017) , but in practical numerical testing this presents a challenge for sufficiently large M A . Indeed, in most cases the resolution of simulations is such that l A becomes too close to l diss or even less than l diss . In the latter case the turbulence is similar to the hydrodynamic one up to the dissipation scale and no magnetic field tracing is possible in simulations. In realistic astrophysical settings l diss is usually much smaller than l A , however. Thus we expect that B-gradients can trace magnetic field in the case of M A > 1 without any difficulty. However, testing this is numerically very challenging.
Synchrotron polarization and its derivative gradients
The fluctuation of polarized synchrotron radiation reflects the information of magnetic turbulence fluctuation. In this work, we consider that non-thermal relativistic electrons have a power-law energy distribution of N e ∝ γ −p , where p is a spectral index of electrons, and adopt the formulae commonly used in the study of synchrotron polarization emission (see the Appendix of Waelkens, Schekochihin & Enßlin 2009 and LP16) . Based on Stokes parameters Q and U to describe a linear polarization, we consider the synchrotron polarization intensity vector in the form of P = Q + iU. Following LP16, we have
where L is the extended scale along the line of sight (z-axis direction). P i (X, z) stands for the intrinsic polarized intensity density treated as wavelength-independent; this simplified treatment would not change our statistical results (Zhang, Lazarian & Xiang 2018) . Therefore, the wavelength dependence explored in this work is only associated with Faraday depolarization processes, defining Faraday rotation measure as
where n e and B z are the thermal electron density and the parallel component of magnetic field, respectively. Using equations (4) and (5), and combining with synchrotron emissivity formulae provided in LP16, we can obtain the (integrated) synchrotron polarization intensity P = Q 2 + U 2 along the line of sight, which has an advantage of phase independence to recover magnetic field distribution in turbulent media. LP16 introduced a one-radian definition as the condition for de-correlation of Faraday rotation
According to equation (6), the ratio of the scale that is sampled by polarization to the extent of the emitting region can be written as
where, φ = max( √ 2σ φ ,φ), σ φ is the dispersion of random magnetic field andφ is the mean Faraday rotation measure density. The strong and weak Faraday rotation can be characterized by L eff /L < 1 and L eff /L > 1, respectively. On the basis of equation (7), if providing Stokes parameters Q and U at two different frequencies, we can trace information of magnetic field fluctuation originating from different line-of-sight depths. In general, using the differences of an observable at two near frequencies will therefore provide a measure of local mean magnetic field in a slice (see LY18 for more details).
When the condition of ∆L/L ∼ ∆(λ 2 φ)/(λ 2 φ) 1 is satisfied, synchrotron polarization intensities for a chosen wavelength λ with the Faraday depolarization effect could be written as
By using equation (8), the spatial gradient of polarization intensity, ∇P, provides a measure of the cumulative contribution of P i plus an extra Faraday rotation fluctuation. In the case of a strong Faraday rotation, L eff /L < 1, equation (4) can be split two parts, in which the only part of z < L eff suffers from strong Faraday depolarization while the part of z > L eff does not contribute to the average of the polarization intensity map (see Figs. 1 and 15 in LY18 for an intuitive illustration). Therefore, the difference of P(λ 1 ) and P(λ 2 ) can be expressed by
The local mean magnetic field between z ∈ [L 2 , L 1 ] projected in the plane of the sky is traced by
which is so-called SPDGs. In our numerical practice, we use
to calculate the SPDGs, which would determine the direction of local mean magnetic field. The polarization spatial analysis of dP(X) dλ 2 suggested in LP16 can extract fluctuation information of Faraday rotation, which is successfully tested in Lee et al. (2016) and Zhang, Lazarian & Xiang (2018) by synthetic observations. In other words, two-point statistics of dP(X) dλ 2 presents a power-law scaling that recovers the correlation index of the Faraday rotation measure. Similarly, we can suggest the Faraday rotation gradient measure ∇Φ on the basis of equation (5), which is a limiting case of the SPDGs for long wavelengths. However, Φ is not a directly observable quantity, thus one can adopt the so called polarization-weighted Faraday rotation measureΦ
which is equivalent to the log-derivative of equation (4). If considering the gradient of the modulus of the weighted measure, ∇|Φ|, it can be found that this measure is similar to the one presented in equation (10), that is, the SPDGs can deliver Faraday rotation fluctuation in the case of the coincident synchrotron and Faraday rotation regions.
Gradient measure techniques
We follow the way the synchrotron polarization gradients were calculated in LY18. They used the recipe of sub-block averaging first suggested for velocity gradients (see for the details) to calculate the gradients of synchrotron polarization and its derivative. This technique is based on the fitting a Gaussian into the distribution of gradients calculated within a sub-block of maps. The error of fitting gives the error associated with the magnetic field tracing with the technique. For comparing the gradient directions with that of magnetic field, the gradients are turned 90
to determine a relative alignment between the rotated 90
• polarization gradients and magnetic field directions, which is in analogy with the method of grain alignment studies in Lazarian (2007) . In equation (13), θ is an angle subtended by any magnetic field and the gradient directions. It is evident that AM is in a range of [−1, 1] . When AM = −1, the rotated gradient direction is perpendicular to the magnetic field. When AM = 1, they have a perfect alignment, whereas random orientations result in AM ∼ 0 .
SIMULATION RESULTS
Simulation 3D data cubes we used are generated from two open source ZEUS and ATHENA codes (Hayes et al. 2006; Stone et al. 2008) . They are grid-based codes for simulation of astrophysical MHD processes. By assuming a periodic boundary condition and a solenoidal injection of the turbulence driving, we set up a 3D uniform and isothermal turbulent medium. Some of data cubes have been used in Hsieh et al. (2018) and their information based on the representation of Mach numbers and plasma β parameter, is listed in Table 3 , with numerical resolution of 480 3 . As shown in this table, a wide parameter range for M A and M s is considered. In general, larger M s could be attributed to molecular cloud environments and M s are not too high for high Galactic latitude gas as well. However, some particular environments such as the region from jets of Active Galactic Nuclei interacting with the surrounding ISM still have a large M s .
Synchrotron polarization gradients: single frequency measure
On the basis of LY18, we first explore that the AM of the SPGs versus the direction of mean magnetic field projected in the plane of the sky by using the data A1 of Table 3 . Fig. 1 shows that the orientations of SPGs, synchrotron polarization (P) and mean magnetic field (MF) are over-plotted on the map of synchrotron polarization intensity calculated at the frequency of ν = 1 GHz. By using 60-pixel block averaging size, we obtain three AM values as follows: AM=0.788 (SPGs vs MF), 0.776 (SPGs vs P), and 0.978 (P vs MF). We emphasize that the value of an AM depends on the block size that we set in an integer multiple of numerical resolution. In general, the AM value increases with the block size. However, when comparing the case of the block size of 80 pixels with that of 60 pixels, we find that they would increase slowly, which is consistent with those of Fig. 3 in Lazarian et al. (2017) . We thus use the block size of 60 pixels in this study. It can be seen that some regions in Fig. 1 present a bad correspondence between rotated 90
• gradient directions and magnetic field directions. The reason may be that different (Alfvén, slow and fast) MHD turbulence modes are competing with each other and result in an alignment change because the polarization gradients for fast mode has a distinct alignment way with respect to magnetic fields; it will be postponed to a future study. In order to explore the influence of Mach numbers on the alignment, we here calculate polarization gradients at a very high frequency, i.e., with negligible Faraday depolarization effect. In Fig. 2 , we plot the AM between SPGs and magnetic field as a function of M A (left panel) and M s (right panel). Different symbols have a one-to-one correspondence between them. As seen in the right panel, there is a large AM value that provides a good determination of magnetic field directions in different sonic Mach regimes.
Although we show in the left panel the whole range of M A the magnetic field tracing is expected for l A > l diss from a theoretical point of view (see Section 2.1). However, when l A is too close to l diss to effectively trace magnetic field, we thus introduce a parameter l eff to quantify an effective region of gradient technique. In our studies, L inj is 128 pixels and l diss approximately 12 pixels. The latter is determined by the cut-off location of the power spectra of magnetic fields plotted in Fig. 3 from three super-Alfvén simulations, on which we illustrate the dissipation scale, l diss , and the effective scale of gradient measures, l eff 2l diss , by the vertical dotted lines. It should be noticed that a specific value of l eff may depend on the numerical resolution. According to equation (3), we have M A 2.2 at l diss = 12 pixels. Meanwhile, M A should be less than 1.7 when l A > 2l diss . Consequently, we clearly see three regions in Fig. 2 , the l > l eff region of which corresponds to the case where gradient techniques work. For high Galactic latitude regions of synchrotron emission we expect M A ∼ 1 (Mao et al. 2012 ) and therefore the AM technique can determine magnetic field directions within the Galactic ISM.
Formally, a linear fitting of the AM between SPGs and mean magnetic field directions presents a relationship of AM = Table 1 . Simulations used in our current work with numerical resolution 480 3 . β = 2M 2 A /M 2 s is a plasma parameter. δB rms indicates the root mean square of random magnetic field and B the regular magnetic field. A1-A8 are from ZEUS simulation and B1-B6 from ATHENA simulation. −0.14M A + 0.86, which indicates that an AM decreases with increasing M A . However, we should not believe to the part for the M A > 1.7 and we postpone any actual fitting to the time when we have significantly larger data cubes for which the difference between L inj and l diss is larger enough and therefore the alignment for larger M A can be tested reliably.
Synchrotron polarization gradients: multi-frequency measure
As for high frequencies polarization method can trace the magnetic field direction well, but for low frequencies the Faraday rotation effect makes the interpretation of the polarization in terms of magnetic field much more complicated. However, the SPGs are expected to robustly trace magnetic field direction in the low frequency range and are not affected by the Faraday rotation. We explore this point by generating synthetic observations corresponding to a wide frequency range In our simulations, the spectral index of relativistic electrons is set as p = 3 throughout the paper, the change of which does not affect the statistical results of synchrotron emission as is demonstrated in our previous studies (LP12, Zhang et al. 2016; Zhang, Lazarian & Xiang 2018) . Furthermore, the thermal electron density is taken to be 0.01 cm −3 . The parallel component of the magnetic field is normalized to the mean value of 1 µG. The AM of SPGs vs magnetic field in a range of multi-frequencies are shown in Fig. 4 , comparing with the measure of both SPGs vs polarization and polarization vs magnetic field. The left upper panel of Fig.  4 presents the result for sub-Alfvénic and supersonic turbulence with the parameters M A = 0.35 and M s = 3.68 (see A2 of Table 3). We can see that the SPGs have a larger AM value than the other two measures at lower frequency bands, where synchrotron polarization emissions suffer from the strong Faraday depolarization, which results in a failure of the traditional polarization measure by θ = 1 2 actan(U/Q). Super-Alfvénic and subsonic simulation is plotted in the right upper panel of Fig. 4 using M A = 1.11 and M s = 0.34 (see A8 of Table 3 ). At low frequency band (ν 0.1 GHz), we use a full width half maximum of Gaussian kernel of σ = 2 pixels to smooth small scale noise-like structures. We filter large scale spatial structures for the approximately wavenumber equal to 1/l A of the box size, following the theoretical guidance of equation (3). Super-Alfvénic and supersonic simulations are shown in the lower panels of Fig. 4 , in which 3D data cubes are generated using ATHENA code. Similar to the case of the upper right panel of this figure, we use also the spatial filtering technique to filter small scale ( σ = 2 pixels at low frequencies) and large scale structures for excluding the influence of hydrodynamic-like structures (see equation 3). We find that the SPGs can better measure the direction of the global projected mean magnetic field at lower frequency and strong Faraday depolarization regions. It can be seen that the curve of the SPGs measure presents a trough-like shape in the intermidiate frequency range, which seems due to an influence of weak random magnetic fields parallel to the line of sight that results in a random-field-dominated Faraday rotation fluctuation (see LP16 for more details).
Synchrotron polarization gradients: influences of mean magnetic field directions
Rotation of the cube
Our earlier studies similar to the studies in LY18 assumed that the mean magnetic field is perpendicular to the line of sight. Such settings are common for the interstellar magnetic field studies, but it is good to study a general case when the magnetic field and the line of sight are at an arbitrary angle.
To explore the influence of the direction of mean magnetic fields on the SPGs measure, we rotate the A1 box of Table 3 along the y-axis located in the plane of the sky, which results in mean magnetic fields to deviate from the plane of the sky. We can see that the AM of the SPGs in Fig. 5 increase with increasing angle between the line of sight and the mean magnetic field direction. The left panel shows the measure calculated at a low frequency of ν = 0.5 GHz, where there exists a strong Faraday depolarization. We find that the polarization cannot trace the magnetic field direction but the SPGs can surely provide a tracing for magnetic field distribution. At a high frequency, ν = 5 GHz (right panel), it shows that all the AMs increase with angle between the line of sight and the mean magnetic field due to a weakened Faraday rotation. It is very evident that the SPGs can better trace the projected mean magnetic fields in the plane of the sky.
Magnetic field changing direction along the line of sight
Now, we divide the same box used in Section 3.3.1 into two equivalent parts and rotate one of them along the line of sight. The resulting plots are presented in Fig. 6 , which is calculated at the frequencies of ν = 0.5 (left panel) and ν = 5 GHz (right panel), respectively. It can be found that the AMs decrease with increasing the rotated angles. When rotating up to the maximum 90
• , that is, the mean magnetic field directions within two parts of the box is perpendicular each other, all the AMs cannot trace the direction of mean magnetic fields. As will be described in Section 3.4, but one can still sample the direction of the magnetic field within the closer region by changing the frequency at the lower frequency region in terms of the SPDGs technique.
Synchrotron polarization derivative gradients: tomographic measure
Our studies so far dealt with the SPGs. The other measure, namely, the SPDGs technique was also introduced in LY18. It is more sensitive to Faraday rotation and can be used to study the magnetic field in regions, e.g. with higher density of thermal electrons. In this sense, this measure is complementary to the SPGs. In Fig. 7 , we present the results for the AM of the SPDGs, which traces the direction of the local mean magnetic fields ranging from sub-to super-Alfvénic turbulence regions. According to equation (7), we know that in the strong Faraday rotation regime, the SPGs sample magnetic fields up to a depth of L eff (see Section 2.2), the tracing directions of which are not distorted by the Faraday depolarization unlike the polarization method. Because L eff depends on the squared wavelength λ 2 , one can sample the magnetic field information at different distances by changing the wavelength. If choosing two frequency points ν 1 and ν 2 with an interval ∆ν = ν 2 − ν 1 , one has ∆λ 2 = c 2 ∆ν/ν 3 . We can thus obtain the synchrotron polarization intensity derivative with regard to the squared wavelength λ 2 following equation (11). As shown in Fig. 7 , the SPDGs can extract the local mean magnetic fields within a Faraday depth interval ∆L = ∆ν 2 /(c 2 φ), ranging from sub-to super-Alfvénic turbulence regions. The main purpose of our current simulation is to confirm the feasibility of our SPDGs to trace magnetic field and we do not focus on the technical improvement of measure methods. We expect that the level of the AM can be increased further if additional techniques, such as angle constraint and moving window, are employed (see Lazarian & Yuen 2018b) .
To further figure out the tomographic studies of magnetic fields by the SPDGs, we divide the box A1 listed in Table 3 into two equivalent parts along the line of sight. Then one of them is rotated respectively 30
• along the line of sight but the other part remains the same. The results of the AM as a function of Faraday rotation real depth in units of code are plotted in Fig. 8 , which corresponds to the frequency in the range of ν = 0.1 − 2.5 GHz. For the case of the rotated front half box, we obtain a larger AM value in the back half part of the box compared to the front half box. We see also a similar behavior when rotating the back half cube.
When we rotate an angle θ for one part of the box, the perpendicular component, B x , of mean magnetic field along the x-aixs would change into B x cosθ . As a result of rotation, the projected magnetic field components become weaker, which results in decreasing in the AM values. Therefore, this exploration has demonstrated that the SPDGs can successfully extract the direction of local magnetic fields by changing the observational frequency. We can sample the magnetic field direction in the closer observer region at lower frequencies, which would provide us an important contribution for reconstructing Galactic 3D magnetic fields.
DISCUSSIONS
One of advantages of using numerical simulation to study MHD turbulence is that we can know the distribution of the turbulent magnetic field in advance. The directions of the SPGs and SPDGs can be directly compared to magnetic field directions, i.e., the AM between the rotated 90
• synchrotron gradients and magnetic field directions. The SPGs can be used to trace the global mean magnetic field distributions in the plane of the sky, and the SPDGs can mea- Table 1 . The radiation frequency is set in the range from 0.1 to 0.25 GHz.
sure the direction of the local mean field within a slice of Faraday tomography. The former is mostly sensitive to the synchrotron polarization intensity fluctuation, while the latter is mainly depended on the polarization fluctuation arising from the Faraday rotation density, which provides a very promising method to reconstruct 3D magnetic fields in the Milky Way and external galaxies.
As shown in Fig. 2 , the ability of the traditional polarization measure tracing magnetic field would be reduced with increasing Alfvénic Mach number, which thus is challenging for recovering MHD turbulent properties in the super-Alfvén region. Our investigation demonstrated that the SPGs and SPDGs can be applied to reveal the turbulence properties from sub-to super-Alfvén regions. However, we need to consider more factors that could impede the alignment determination, such as small scale, noise-like structures, and larger scale structures than l A (see equation 3). If M A is sufficiently large the scale l A will become small. When l A is comparable to the small dissipation scale l dis , the inertial range will be entirely eliminated. Therefore, the studies of super-Alfvénic turbulence is subject to a numerical resolution; the high numerical resolution scenario will be explored in the future.
Our studies are focused on the multi-frequency and strong Faraday depolarization regimes, which is to prepare for the application of techniques to the Low Frequency Array for Radio astronomy (LOFAR) and the Square Kilometer Array (SKA) data. At very high frequency bands, synchrotron polarization emissions suffer from a weak Faraday rotation, where the SPGs would determine the properties of synchrotron emitting regions. This is similar to what the SIGs studied in Lazarian et al. (2017) can do. They have reported that SIGs is a reliable technique for tracing magnetic field, which is not subject to a Faraday depolarization. In this paper, we have combined both SPGs and SPDGs with measurements of polarization to obtain a synergy of the different measurements.
The synchrotron polarization gradient techniques we studied in this paper can be viewed as a part of the gradient technique that is applied to obtain insight into the nature of MHD turbulence (eg., GS95, LV99, . Based on the fact that velocity eddies are elongated along local magnetic field directions (Goldreich & Sridhar 1995) , the gradients of velocities were developed by measuring the velocity centroid gradients (VCG: González-Casanova & Lazarian 2017; Hu et al. 2018) . Recently, this measure is further developed to include the velocity channel gradients and the reduced velocity centroid gradients (Lazarian & Yuen 2018b) . Meanwhile, the VCGs have been applied to measure the magnetization of the ISM by relating the dispersions of velocity gradients to the Alfvénic Mach number M A . It was claimed in LY18 that the same procedures are valid for obtaining M A with synchrotron gradients. We are going to demonstrate this point in another paper.
Very recently, a comparative study between traditional Faraday rotation synthesis technique (see Burn 1966) and synchrotron gradients showed that in the situations when the traditional technique fails for the case of insufficient frequency coverage, the synchrotron gradients can still trace the 3D distribution of magnetic field (Ho et al. 2019 ). In addition, we would like to mention that the gradient technique is complementary to correlation function anisotropies (Lazarian & Pogosyan 2012) for studying magnetic fields. Lazarian et al. (2017) claimed that for synchrotron intensities the latter can correctly trace mean magnetic field, but fails to trace the detailed magnetic field structure. A more detailed study using the velocity gradients and velocity anisotropies in Yuen et al. (2018) confirmed this.
The current work neglects the influence of polarization synchrotron self-absorption on the AM. In general, Faraday rotation would take effect in the relatively low frequency bands, where the synchrotron self-absorption effect should be important for some astrophysical environments. We expect that the effects of selfabsorption can provide yet another method of testing the 3D structure of magnetic field. Indeed, only the regions closer to the observer and less affected by self-absorption are expected to be probed under strong self-absorption. This effect is similar to the effect of the dust self-absorption in spectral line statistics that was explored analytically in Kandel, Lazarian & Pogosyan (2017) and numerically in Hsieh et al. (2018) .
We would also like to emphasize that our gradient measurement is a developing new technique tracing the direction and strength of the magnetic field in the diffuse media. The accurate measurement level of the synchrotron polarization gradient would be further enhanced by optimizing fitting ways and improving subblock averaging method, for instance, combining the k-means cluster analysis algorithm (e.g., Sánchez Almeida et al. 2010 ) to divide sub-block of an image.
SUMMARY
This work has promoted the gradient technique research of the synchrotron polarized radiation carried out in LY18 to super-Alfvénic turbulence. We focused on the multi-frequency AM of the SPGs and tomographic analysis of the SPDGs and explore how to recover the underlying magnetic field directions. The main results that we obtained are summarized as follows:
(i) We have found that the AM of the SPGs decreases with increasing Alfvénic Mach numbers. Our studies are limited to M A < 1.7 due to the limited numerical resolution of our simulations. This, however, is not so restrictive as M A ∼ 1 is expected at the high latitude regions of the Milky Way.
(ii) At the low frequency and strong Faraday rotation region, the SPGs have a significant advantage over the traditional polarization method in tracing projected mean magnetic fields. Therefore, the SPGs can be employed to correct the magnetic field direction obtained by polarization one. (iii) The SPGs and SPDGs have been successfully applied to trace the global and local mean magnetic fields, respectively. The latter has a unique advantage for reconstructing 3D magnetic fields. (iv) Our simulations have demonstrated that synchrotron gradient techniques can recover the underlying magnetic fields, which has taken the first step for applying these techniques to a large number of data set, e.g., from the LOFAR and SKA.
